AN ALGEBRAIC CHARACTERIZATION FOR THE 
CHARACTERISTIC TENSORS OF AN INFINITESIMALLY 
HOMOGENEOUS MANIFOLD 



CARLOS ALBERTO MARIN ARANGO 

ABSTRACT. Given a Lie subgroup H C GL(R n ) and //-invariant multilinear 
maps on K™ of type curvature, torsion and inner torsion, we give necessary and 
sufficient conditions for the existence of an infinitesimally homogeneous affine 
manifold with //-structure whose characteristic tensors are those given. 



1. INTRODUCTION 

Let M be an n-dimensional differentiable manifold, V be a connection on M, 
G be a Lie subgroup of GL(M n ) and P be a G-structure on M, i.e., a G-principal 
subbundle of the frame bundle of M. The inner torsion of the G-structure P with 
respect to the given connection V was introduced in [1]. This notion gives rise to 
a tensor field 3 P on M, that measures the lack of campatibility of the connection 
V with P. The triple (M, V, P) is an infinitesimally homogeneous manifold if the 
curvature and the torsion tensors of V as well as the inner torsion are constant in 
G-frames, i.e., are represented by the same tensors Rq, Tq, 3q on R n ; these tensors 
are called the characteristic tensors of (M, V, P). The central goal of this work 
is to give necessary and sufficient algebraic conditions for the tensors To, Rq, 3o 
for the existence of an infinitesimally homogeneous manifold, whose characteristic 
tensors are precisely To, Rq, 3q. The main motivation for the study of infinitesi- 
mally homogeneous manifolds is that in affine geometry with G-structure they play 
the same role played by manifolds with constant sectional curvature in Riemannian 
geometry. In [2], it is proved an immersion theorem into (infinitesimally) homo- 
geneous manifolds, [2] also introduces a language which unifies the statement of 
several immersion theorems that appear in classical as well as modern literature. 

In what follows we outline briefly the content of this paper. In section 3, we 
assume that (M, V, P) is a fixed infinitesimally homogeneous manifold and we 
obtain a necessary algebraic condition between its characteristic tensors Rq, Tq, 
3q. Since the compatibility of the connection V with P implies that every G- 
constant tensor on M is parallel, in subsection 3. 1, we prove a lemma which allows 
us to calculate the covariant derivative for G-constant tensors on M when V in not 
compatible with P. Using this result we obtain an expression for the covariant 
derivative of the curvature tensor of V, such expression will be used to write the 
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second Bianchi identity in the next section. In subsection 3.2, we prove that in order 
to obtain our result it is sufficient to consider the case of symmetric connections. 
Finally in subsection 3.3, we exhibt an algebraic relation between the characteristic 
tensors of (M, V, P), more explicitly given an arbitrary lifting A of 3$, (3.9) gives 
us an algebraic relation between Rq and Jo which does not depend on the choise 
of A. In section 4, we assume that m is a fixed real finite-dimensional vector space, 
H C GL(tn) is a fixed Lie subgroup with Lie algebra f) and Rq G Lin2 (m, gl(m)) , 
Jo : tn — > fll(m)/f) are fixed //-invariant tensors. Assuming also that the algebraic 
relation (3.9) is valid for some arbitrary lifting A of Jq , Ro is skew-symmetric and 
satisfies the two Bianchi identities, we construct an infinitesimally homogeneous 
manifold (M, V, P) whose characteristic tensors are Rq, 3q. More explicitly, we 
endow the vector space a = h © m with a bracket operation [-,-]. Under the 
coditions above we show that (a, [•, •]) is a Lie algebra. Then M is defined as a 
section throught the identity element of an arbitrary Lie group A with Lie algebra 
0, such that for each x G M, k x : T X M — > m is a linear isomorphism, where 
k denotes the restriction to M of the left invariant 1-form on A induced by the 
linear projection o = f) m — > m. On this way, we obtain a global m-frame 
s : M -> FR m (TM). Then for each x G M, P x is the F-structure on T X M given 
by s(x) ■ H and V is the linear connection on M associated with the connection 
form on FR m (TM) induced by A by using the global frame s. 

2. Notation and Preliminaries 

2.1. Vector spaces. Let V be a real finite-dimensional vector space. GL(V) de- 
notes the general linear group of V and gl(V) denotes its Lie algebra. If W 
is another real finite-dimensional vector space, Lmk(V;W) denotes the space 
of /c-linear maps from V to W. Given multilinear maps T G Linfc(V;V) and 
S G Lm k (W; W) and a (not necessarily invertible) linear map a : V — > W then 
T is said to be a-related with S if: 

S(a(vi), a(v k )) = a(T(v u v k j) , 

for all v\ , . . . , v k G V. Up : V — > W is a linear isomorphism we denote by 
T p : GL(V) — > GL(M^) the Lie group isomorphism given by conjugation with p 
and Ad p = dX p (Id) : gl(V) — > gt(W) denotes the Lie algebra isomorphism given 
by the differential of T p at the identity element of GL(V). 

2.2. G-structures on manifolds. If G is a Lie subgroup of GL(R n ), by a G- 

structure on an n-dimensional real vector space V we mean an G-orbit of the 
action given by right composition of GL(R n ) in the set of all linear isomorphisms 
p : W l — > V. By a C7-structure on an n-dimensional differentiable manifold M 
we mean a G-principal subbundle P of FR(TM), such that for each x G M, 
P x is a G-structure on the vector space T X M. Let M and M' be n-dimensional 
differentiable manifolds endowed with G-structures P and P', respectively. A 
smooth map / : M — > M' is said to be G-structure preserving if for each x G M, 
the map df x : T X M — > Tf^M' sends frames of P x to frames that belong to P'tt x y 
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Remark 1. If G is a Lie subgroup of GL(]R n ) a multilinear map To G Linfc(]R n ; R n ) 
is said to be G-invariant, if for each g £ G, to is ^-related with itself. If V is a 
real finite-dimensional vector space endowed with a G-structure P and if tq G 
Linfc(M n ;M n ) is G-invariant then the tensor ry <G Linfc(V; V) which is p-related 
with To for some p G P (consequently for all) is named the version of ro on V. 
The G-invariance of To implies that ry does not depend on the choice of p G P. 
In particular, when M is an n-dimensional differentiable manifold endowed with a 
G-structure P and ro G Linfc(R n ; M n ) is G-invariant, we get a tensor field r on M 
such that for each x G M, t x G Lin^ (T X M; T X M) is the version of ro in T X M. 

2.3. Connections on vector bundles. Let E be a vector bundle over a differen- 
tiable manifold M with typical fiber Eq. We denote by T(E) the set of all smooth 
sections of E and by FKe (E) the GL(Po)-P rrnc ip a l bundle over M formed by 
all ^o-frames of E. When E = W 1 we write FR(E) instead of FR Eo (E). If 
e : U — > E is a local section of the vector bundle E 1 and s : U — > FR^ (i?) is a 
smooth local frame for E 1 then the representation of the section e with respect to 
the smooth local frame s is a map e : U — > defined by: e(x) = s(x)~ 1 (e(x)) , 
for all x & U. 

Remark 2. If V is a (symmetric) connection on TM and t : T(TM) x T(TM) -> 
r(TM) is an arbitrary G°°(M)-bilinear (symmetric) map, V = V + t is also a 
(symmetric) connection on TM. A direct computation shows that: 

(2.1) 

R'(X, Y)Z = R(X, Y)Z + (Vxt)(Y; Z) - (Vyt)(X, Z) + [t(X), t(Y)]Z 

(2.2) T'(X, y) = T{X, Y) + t(X)y - i(Y)X, 

for each X, y, Z G T(TM). Here T' and R' denote the torsion and curvature 
tensors of V' respectively, T and R denote the torsion and curvature tensors of V, 
respectively. 

A smooth local frame s : U — > FR^ (£') defines in a natural way a connection 
dl s in E\u, which corresponds via the trivialization of E\u definided by s to the 
standard derivative. More explicitly, we set: 

d s v e = s(x)(de x (v)), 

for all x G U, v G T X M, e G T(E\u), where e : U — > Po denotes the repre- 
sentation of e with respect to the local frame s. If V is a connection in E, the 
Christoffel tensor of V with respect to the smooth local frame s is the smooth 
tensor r = V - dF G T(TM* <g> E* <g> P) such that: 

V^dL^e + r^eOr)), 

for all x G C/, f G T^M and all e G r(£ , | [ /). If uj denotes the smooth qI(E )- 
valued connection form on FRe (E) associated to V, then we have the following 
equality: 

(2.3) T x (v) = 8 {x) o uj x (v) o s(x)- 1 G qI(E x ), 
for all x G U and all v G T X M, where u = s*lo. 
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3. INFINITESIMALLY HOMOGENEOUS MANIFOLDS 

Let (M, V) be an n-dimensional affine manifold, G C GL(M n ) be a Lie sub- 
group and assume that M is endowed with a G-structure P C FR(TM). The 
triple (M, V, P) is called affine manifold with G-structure. 

Let (M, V, P) be an n-dimensional affine manifold with G-struture, the inner 
torsion of P with respect to the connection V was introduced in [1], this notion 
gives rise to a tensor field 3 P on M that measures how much the connection V is 
not compatible with P, since this notion play an important roll in this work, in the 
following paragraph, we show in a brief way its definition. 

Let g C g((M n ) be the Lie algebra of G. Given x G M, G x denotes the Lie 
subgroup of GL (T X M) consisting of G-structures preserving maps and g x denotes 
its Lie algebra, so that Ad p : fl[(M n ) — > gl(T x M) carries q onto g x ; therefore, it 
induces an isomorphism: 

Ad p : l(M n )/s -> Ql{T x M)/ Sx . 

Let s : (/ C M ^ P be a smooth local section of P, x G U and set s(x) = p. If 
uj denotes the connection form associated with V and uJ = s*lo. The map 

(3.1) Tx M [(n) -!U [(n)/fl q[{T x M)/q x 

does not depend on the choice of the local section s. The linear map 3 X : T X M — > 
g^T^M)/^^ defined by (3.1) is called the mrcer torsion of the G-structure P at the 
point x with respect to the connection V. From (2.3), we conclude that the inner 
torsion 3^ of the G-structure P at the point x is also given by the composition of 
the Christoffel tensor T x : T X M — > g^T^M) of the connection V with respect to 
s and the quotient map q[(T x M) — > gl^Mj/jj. 

Definition 3.1. An n-dimensional affine manifold with G-structure, (M, V, P) is 
infinitesimally homogeneous if there exists multilinear maps Rq G Lhi3(IR n , W 1 ), 
T G Lin 2 (R n ,M") and a linear map 3 ■ ^ n -» 0K Kn )/fl such that: for every 
x G M, every p E P x relates To with T x , Rq with P x and Ad p o J = 3 X o p. 

The multilinear maps To, Rq, 3q as refered above are called the characteristic 
tensors of the infinitesimally homogeneous manifold (M, V, P). Throughout this 
section we will consider a fixed n-dimensional infinitesimally homogeneous man- 
ifold (M, V, P) with structural group G and characteristic tensors To, Ro, 3q. Ini- 
tially we note that the tensors To, Ro, Jq are G-invariants, then if A : R n — > fll(IR n ) 
is an arbitrary lifting of Jq. From the G-invariance of the characteristic tensors we 
obtain the following relations: 

(3.2) Rq(u, v) = Ad 9 • Po^ 1 • u, g- 1 ■ v); 

(3.3) T (u,v) = g-Toig' 1 -u,g' 1 ■ v); 

(3.4) Adg^g' 1 ■ u)) - X(u) e Q, 
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for each g G G, each u,v G M. n . If g is another arbitrary lifting of 3o, then 
A = g + S where S is a g- valued linear map defined in W l . Given g G G and 
u G M n we have: 

9 Ad 9 (AGT 1 ■ «)) - A(u) = Ad 9 • u)) - g{u) + Ad 9 (S^' 1 ■ u)) - 5{u) , 

V „ ' 

which shows that (3.4) does not depend on the choice of the lifting of Jo- In 
particular, if s : U C M ^ Fisa smooth local section of P 

Ad^for 1 -^) -r(«) € fl , 

where T denotes the representation of the Christoffel tensor T of the connection V 
with respect to s. By differentiating equalities (3.2), (3.3), (3.4) with respect to g 
at the identity of G, in the direction of L G g we obtain the following: 

Lemma 3.2. Let A : W l — > fll(IR n ) &e arc arbitray lifting of Jo. Then for all L G 3 
awe? all u,v G R ra , the following conditions hold: 

• [L, Ro(u, v)] — Rq(L ■ u, v) — Ro(u, L ■ v) = 0; 

• L o T (u, u) - T (L ■«,«)- T (u, L ■ u) = 0; 

• [L, A(«)] - A(L ■ u) G 0. 

3.1. The differential of G-constant tensors. Let (M, V, P) be an n-dimensional 
affine manifold with G-structure. When V is compatible with P, i.e., if J p = it 
is clear that every tensor that is constat in frames that belong to P is parallel with 
respect to V, the goal of this subsection is to show a simple way to calculate the 
covariant derivative for a tensor constant in G-frames when V is not compatible 
with P. 

Denoting by %Jec the category whose objects are real finite-dimensional vector 
spaces and whose morphisms are linear isomorphisms. Given a smooth functor 
J : %Iec — > %Iec and any object V of %Tec , # induces a Lie group homomorphism 
£ : GL(V) — > GL(#(V)), and its differential at the identity is a Lie algebra 
homomorphism that will be denoted by f : $l(V) — ► gl(-g(V)) . 

Let E be a vector bundle with typical fiber Eq over M. Given a smooth functor 
5 : ^Jec — > %Iec we denote by $(E) = U xe M$(E x ), the vector bundle with 
typical fiber 5(Po) obtained from E by using -J. 

Given a smooth funtor 5 : ^Jec — > %Iec we have the following: 

Lemma 3.3. Let t be a smooth G-constant section of$(TM). Then 

V„t = f(L) ■ tx, 

/or all x e M, v e T X M, where L G fl[(T x M) ij sweft fftaf Jf (t>) = L + g x . 

PROOF. Clearly t can be thought of as an FR(TM)-valued 0-form on M, which 
is associated to a 0-form (f> : FR(TM) -> £(K n ) such that: <f>(p) = ^(p)' 1 ^) 
for all x G M, p G FR(TM). Moreover the covariant exterior differential D^> is 
associated to the covariant exterior differential Dt of t, see [1]. More explicitly, we 
have: 

(3.5) d0 p (C) = D^(C) = Zip)- 1 (Dt)* • « = ffCp)"^^ 
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for all x G M, p <G P x , v <G T X M and ( a horizontal vector such that dU p (() = v, 
where II : FR(TM) — > M denotes the canonical projection. To obtain the desired 
result, we must to calculate dc/) p ((). If X £ g[(M n ) is such that Ad p (X + g) = 
then 

C = (dn p , ^p)- 1 ^, x) - (dn p , u p )-\o, x) = (dn p , u^)- 1 ^, x) -dp p {i) ■ x, 

v ' 

er p p 

where (3 p denotes the map given by the action of GL(]R ri ) on p. Since $ \p is 
constant, we have: 

(3.6) dMO = -d^(d^(l) • X) = f(X) • t . 

Finally, since t is G-constant by using (3.5) and (3.6) we obtain: 

where L + g x = 3 x (v). □ 
3.4. Example. Let -J : %?ec — > gJec be the funtor defined by: 

3(V) = Lm k (V;Lm(V)) 

for each object V of %Tec . Let (M, V, P) be an n-dimensional affine manifold with 
G-structure. If to € Lm/c(lR n ; gl(E n )) is a G-constant tensor, denoting by t x the 
induced version of to on T X M, by using (3.3) we have: 

V„t = [L, t x (-, ...,■)}- tx(L-, -,...,-) tx(-, L-), 

where L G qI(T x M) is such that 3^(v) = L + g x . On the other hand, given 
lei" and an arbitrary lifting A of 3q, X(X) is an endomorphism of R n , which 
induces a derivation T^\(x) on tne tensor algebra over the vector space R n . It is 
clear that: 

(^A(x)to) =f(A(X)) -t 
Therefore, if A is an arbitrary lifting of 3q, given x € M, p G P x and X £ W 1 
such that v = p(X) and Ad p (X(X)) = L we have: 

Ad p (P A(x) to) = (V w t)o(p,...,p). 

3.2. Infinitesimally homogeneous manifold without torsion. Our goal will be 
now to show that for our existence result, it will suffice to consider the case of 
symmetric connections. Let to G Lin 2 (lR n , W 1 ) be a G-invariant skew-symmetric 
tensor. For each x € M, we denote by the induced version of to on T X M. From 
remark 2 we know that V' = V + \i defines a connection on TM whose torsion 
ist. 

Lemma 3.5. If (M, V, P) is an infinitesimally homogeneous manifold then the 
triple (M, V', P) is also infinitesimally homogeneous. 

PROOF. Notice that it is enough to show tensors Tq, R' , 3' satisfying equalities 
in 3.1. Clearly Tq = to- Moreover, t can be identified with a smooth Lin(TM)- 
valued covariant 1-tensor field on M. Let s : U — > P be a smooth local section 
of P. Denoting by Y' , V the Christoffel tensors of V', V with respect to s, given 
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x £ it is clear that T' x = T x + t x , composing with the canonical projection 
gl(T x M) qI(T x M)/q x we get 3'f = 3% + q o t^. Therefore it is enough to 
define 3' = 3q + q o to- Denoting by R', R the curvature tensors of V and V 
respectively, follows from equality (2.1) using the result obtained in subsection 3.1 
that given an arbitrary lifting A of 3q, x G U with s(x) = p, the equality below 
holds: 

R' x (p;p-) = R x (p;P-) + {Vt) x (p;p-) + [i x {v)Mv-)] 

= Ad p o( J R (.,.)+Alt(P A( . ) t ) -+[t (-),t (-)])- 

Where Alt(ZV.)to)- denotes the alternator of (T>x(-)to)-- Therefore, in order to 
get the desired result it is enough to define R' = Rq + Vto + [to, to]. □ 

3.3. Algebraic relation between the characteristic tensors. From the result ob- 
tained in 3.2 we can suppose without lost of generality that V is symmetric. Let 
lo be the connection form on FR(TM) associated with V, let be its curvature 
form and let 6 be the canonical form of FR(TM). Given a local smooth section 
s : U — > P, we set u; = s*(u), = s*Q, 8 = s*9. Since V is symmetric, we 
know that d# = — uJ A 9. From the definition of inner torsion we have: 

Ad p o q o uj x = 3 X = Ad p o 3 ° p 1 = 3 X = Ad p o J ° &x- 

Under the conditions above we compute: 

qoOj, = d(q oZo x ) + q ouJ x AuJ x 
= d( 3 o 9 X ) + q o ZJ X A ZJ X 
= 3 o dO x + q o ZJ X A UJ X 

(3.7) = -3 o (oJ x A 6 X ) + q o ZJ X A ZJ X . 

If T : R n — > 0((IR n ) denotes the representation of the Christoffel tensor of V with 
respect to s, since 3o = qoT, substituting in (3.7) we obtain the following relation: 

q o (U x + f o (p x A 9 X ) - oJ x A ZJ X ) G 0. 

Thus, given vectors -u S 1" and denoting denoting by X, Y € T{TM\jj) the 
vector fields whose representation relatively to the local section s are the constant 
u and v respectively, the equation above can be written as: 

(3.8) Rq(u, v) - [f(u),f(v)} + f(f(u)v - f(v)u) G g. 

This relation does not depend on the choice of the lifting of 3q. Namely, let A be 
an arbitrary lifting of 3o and 5 be a g-valued linear map in M. n such that r = A + 5. 
By computing we obtain: 

(3.9) 3 Ro(u, v) - [A(u), \{v)\ + \(\{u)v - \{v)u) + A(S) + B(S), 
where 

A{5) = ([5(v),X(u)]-X(5(v)-u)) - ([S(u),\(v)]-X(S(u)-v)), 
B{5) = S(F(u)v - F(v)u) - [S(u),S(v)]. 
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By Lemma 3.2 we know that A(S) G g, moreover, since 5 is 0-valued, it is clear 
that B(5) G q, therefore for an arbitrary lifting A of 3o the following relation holds: 

R (u, v) - [A(u), X(v)] + \{\(u)v - \(v)u) G 0, 

this shows our assertion. 

Theorem 3.6. Let (M, V, P) be an infinitesimally homogeneous manifold with V 
symmetric and characteristic tensors Rq, 3q. Given an arbitrary lifting A of 3q, 
the following relation hold: 

R (u, v) - [A(u), X{v)] + X{X(u)v - \(v)u) G fl, 

for all u, v G R n . 

4. The inverse problem 

Thoughtout this section we will assume fixed a real finite-dimensional vector 
space m and a Lie subgroup H C GL(m) with Lie algebra h C 0t(m). Let Ro G 
Liri2(m, 0[(m)), Jo : m — > C(tn) /f) be //-invariants maps and let A : m — > fl[(m) 
be an arbitrary lifting of Jo- Using the property of i/-invariance as in Section 3 we 
obtain the following relation which does not depend on the choice of A: 

(4.1) [L,X(X)] -X(L-X) G h, 

for all L G h and all X, Y G m. An analogous relation for (3.8) in this case is the 
following: 

(4.2) R (X, Y) - [X(X), A(Y)] + \(\(X)Y - X(Y)X) G h 

for all X,Y G m. (4.2) also does not depend on the choice of A. For X G m, 
we denote by T^\(x) the derivation on the tensor algebra over the vector space m 
induced by X(X). Thus, since Rq is a tensor defined on m, V\( X )Ro is also an 
element that belongs to this algebra and we have: 
(4.3) 

(V X(X) R )(Y, Z) = [X(X),R (Y, Z)\ - R (X(X) -Y,Z) - R (Y, X(X) ■ Z), 

for all X, Y, Z G m. 

Assuming that (4.2) holds, we have the following: 

Definition 4.1. Under the conditios above, setting a = h © m. We endow a with a 
bracket operation which is defined below. For each X, Y G m, each L, T G h we 
put: 

(1) p m [X,Y] = X(X)-Y-X(Y)-X; 

(2) pjL,X}=L.X; 

(3) Pt) [X, Y] = R (X, Y) + X{X{X) ■ Y - X(Y) ■ X) - [X(X), X(Y)\; 

(4) p„[L,X] = [L,X(X)]-X(L-X); 

(5) [L,X] = -[X,L\; 

(6) [L, T] is the Lie bracket of h. 



Given an arbitrary fc-tensor T on m, &T(Xi, . . . , Xk) denotes the sum over the 
cyclic permutations of X±, . . . X^. 
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Definition 4.2. We say that Rq satisfies the Bianchi identities if the following 
equalities hold: 

(Bi) &Ro(X,Y)-Z = 0; 
(B 2 ) &(V x(x) R )(Y,Z)=0. 

Definition 4.3. Let m be a real finite-dimensional vector space, let H C GL(m) 
be a Lie subgroup with Lie algebra rj C fll(m). Tensors Rq G LhWm, fl[(m)), 
Jo : nx — > 5((m)/h, are said to be characteristics with group H if the following 
conditions hold: 

• Rq and Jq are //-invariants; 

• i?o is skew-symmetric; 

• given an arbitrary lifting A : m — > fll(m) of 3o> -Ro satisfies the Bianchi 
identities and (4.2) holds. 

Lemma 4.4. Under conditions above, suppose that Ro, 3q are characteristic ten- 
sors with group H. Then a = h © m with the bracket operation defined in (4.1), is 
a Lie algebra. 

Remark 3. For X,Y G a, we denote by [X, Y] m (resp,. [X, Y]**) the m-component 
(resp., h-component) of [X, Y] in a. Moreover, for X, Y, Z G m and L G f) we 
agree in use the next notation: 

5 [w] = [L,A(X)]-y-A(y)-(L-X). 

%,y,z] = [ApQ, A(y)] • Z - A(Z) • [X, y] m . 

Thus, it is not difficult to see that: 

(4-4) <S[l,x,y]-S[l,y,x] = L([X,Y] m ). 

And also an easy computing show that: 

(4-5) ®T[x,y,z\ = 0. 

Remark 4. For X,Y, Z G m by using the Bianchi identities we obtain: 

(4-6) e{[X(Z),Ro(X,Y)]-R ([X,Y} m ,Z)) =0. 

Proof of Lemma 4.4. Since [•, •] is skew-symmetric, it is enough to see the Ja- 
cobi identity. Namely, we divide the proof in three cases. For the initial case we 
take L, T G h, X G m. Follows from relations on definition 4.1 that: 

(4.7) [[X,L],T] =-[[L,X(X)],T] — A(T(L ■ X)) + T(L ■ X). 
Replacing T by L and using the skew-symmetrie of [•, •] results: 

(4.8) [[T, X],L] = [[T, X(X)],L] + \(L(T ■ X)) - L(T ■ X). 
On the other hand, the definition of [•, •] implies: 

(4.9) [[L,T],X] = [[L,T],X(X)] - X{[L, T] ■ X) + [L, T] ■ X. 
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By adding (4.7), (4.8), (4.9) together with the Jacobi identity in g[(m) the assertion 
follows for this case. For the second case we take X, Y G m, L G h. So that: 

(4.10) [[X,Y],L] m = -L([X,Y] m ) 

(4.11) [[X,Y],L] t) =[[X(X),X(Y)],L] + X(L-[X,Y] m ) - [R (X,Y), L}. 
Using remark 3 and definition of [•, •] we obtain: 

(4-12) [[Y,L],X] m = S[L,Y,xy 

(4.13) [[Y,L],X] t > = [[X(Y),L],X(X)]+X(S [LXX] )-MX,L-Y). 
Replacing X by Y in (4.12), (4.13) we get: 
(4.U)[[L,X],Y} m = S [L:XjY] . 

(4.15)[[L,X],y] f) = [[L,X(X)],X(Y)]-X(S [L<XjY] )+R (Y,L-X). 
By adding (4.10), (4.12), (4.14) and using (4.4) we have: 

e[[X,Y},L] m = 0. 

Follows from (4.11), (4.13), (4.15) using (4.3), (4.4) togheter with the Jacobi iden- 
tity in 0[(m) that: 

6[[X,y],L]" = 0. 
Finally for the third case we take X, Y, Z G m. Definition of [•, •] implies that: 

&[[X,Y],Z] m = 

For the f) component we have: 

[[X,nz]* = [[X(X),X(Y)],X(Z)} -R {[X,Y] m ,Z) 

- {R (X,Y),X(Z)]-X(T [XX:Z] -R (X,Y)Z). 

Follows from (4.5), (4.6) and Jacobi identity in g[(m) that: 

e[[x,nz]" = o. 

□ 

If [•, ]a denotes the Lie Bracket in a obtained by using the arbitrary lifting A of 
Jo, given another lifting A there exists a linear map S : m —> f) such that A = A + 5. 
The map between vector spaces ip : a —> (a, [■, -]^) defined by the matrix: 

Idf, 6 
Id m 

is an isomorphism of vector spaces, moreover it is easy to see that {-,-]\ = ip* [•, 
so that ip is an isomorphism of Lie algebras. 
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4.1. Existence of an infinitesimally homogeneous manifold. Let m be a real 
finite-dimensional vector space, let H C GL(m) be a Lie subgroup with Lie alge- 
bra f) C gl(m). Let Rq G Lin2(m, gl(m)), Jo : m — > gl(m)/h, be characteristic 
tensors with group H. Using Lemma 4.4 we have that a = h ffim endowed with the 
bracket defined by the relations in Lemma 4. 1 is a Lie algebra. Our goal is show the 
existence of an infinitesimally homogeneous manifold whose characteristic tensors 
are Rq and 3q. 

Let A : o = f) © m — > fll(m) be an extension of A defined by: 



(4.16) A(X) 




se X G m, 
selef), 



for each X G a, where ad denotes the isotropic representation of t) on m, more 
precisely ad x (Y) = p m ([X, Y]) = X(Y) for all X G h, Y G m. 

Lemma 4.5. IfL£t) and X G a. Then 

[A(L),A(X)] =X([L,X}). 

Proof. We set X = T + X with T G f) and X G m. 

A([L,X]) = ad [LiT]+a d^ ([Lx]) +A(L.X) 

= [ad L , ad T ] + [&d L , X(X)] 
= [A(L),A(X)]. 

□ 



Let A be a Lie group such that 7\^4 = a. Let M' C A be a submanifold of ^4 
throught 1 such that T\M' = m. Let p m L be the left invariant 1-form on A induced 
by the linear projection p m : a = f) © m — > m. Denoting by k = p m L |M'> it is clear 
that for X G m, 

TcipQ =p m L (X) =p m (X) =X 

Therefore, reducing M' to an open set M with 1 G M, the map k x : T X M — > m 
is a linear isomorphism for all x G M. Then, the map s : M — > FR m (TM) 
defined by s(x) = k^: 1 : m — > T X M, for all x G M give us a global section of the 
GL(m) -principal bundle FR m (TM) over M. Given x G M, the set 

= s(x) ■ H = {s(x) oh:h£H}, 

is an //-structure on T X M, and P = UxeM defines an iZ-structure on M. 

On the other hand, let A L the left invariant 1-form on A induced by the linear 

map A defined in (4.16). Setting u = A \m, it is clear that uJ is a gl(m)-valued 
smooth 1-form on M. Let uj be the unique 0[(m)-valued 1-form on FR m (TM) 
such that s*'uj = ZZJ. Then is a connection form on FR m (TM). Summarising we 
have an affine manifold with P-structure (M, V, P) where V denotes the linear 
connection associated with the connection form uj. We claim that (M, V, P) is an 
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infinitesimally homogeneous manifold whose characteristic tensors are Rq and Jo- 
in fact, given x G M and X G T X M, we have: 

UJ X (X) = \ L X (X) = Xx- 1 - X) = Jd^^-i.x) +A(p m (x- 1 • X)), 

v ' 

therefore, module t) the following equality holds: 

ZJ X (X) =X( Pm (x- 1 -X)), 

but clearly p m (x~ l ■ X) = k x (X) = s(x)^ 1 ■ X. Then we have: 

3%{X) = Ad s(x) (q o A o s(x)- 1 • X) = Ad s (x) (Jo ° six)' 1 ■ X) . 

On the other hand, denoting by Q the curvature form of u, we set Q = s*Q. Given 
xeM,X,Y G T X M. Setting x" 1 -X = L + • X, x" 1 • Y = T + k x • Y, with 
L, T G h, and using Lemma 4.5 we obtain: 

-oJ x ([X,Y}) = -\([L,T + k x -Y] + [k x -X,T} + [k x -X,k x -Y]) 

= -\\(L),\(T + k x -Y)] - [X(k x -X),X(T)] 

— X \k x ■ X, k x ■ Y] . 

Moreover: 

[W X (X),W X (Y)] = [A(L) ,X(T + k x -Y)] + {X(k x -X), X(T)] 
+ [A(^-X),A(^-F)]. 

Since 

n x {X,Y) = duJ x (X,Y)+[uJ x {X),oJ x (Y)] = -u x ([X,Y]) + [u x (X),W x (Y)], 
follows from the above equalities that: 

n x (X,Y) = -X[k x -X,k x -Y] + [X(k x ■ X),X(k x ■ Y)] 
= R (k x ■ X,k x -Y), 
This concludes the proof. Summarising we have proved the following 

Theorem 4.6. Let m be a real finite-dimensional vector space, let H C GL(m) be 
a Lie subgroup with Lie algebra f) C flt(m). Given tensors Rq G Lin^ (m, gl(m)), 
3o : m — > gl(m)/rj characteristics with group H. There exists an infinitesimally 
homogeneous manifold (M, V, P) whose characteristic tensors are Ro, Jo- 
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